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Abstract

Given a graph G = (V, E) and an integer k > 1, the graph H = (V, F), where
F is a family of elements (with repetitions allowed) of E, is a k-edge-connected
spanning subgraph of G if H cannot be disconnected by deleting any k — 1 elements
of F. The convex hull of incidence vectors of the k-edge-connected subgraphs of a
graph G forms the k-edge-connected subgraph polyhedron of G. We prove that this
polyhedron is box-totally dual integral if and only if G is series—parallel. In this case,
we also provide an integer box-totally dual integral system describing this polyhedron.

Keywords Box-total dual integrality - k-edge connected subgraph - Polyhedron -
Series—parallel graph

Mathematics Subject Classification 90C27 - 90C05 - 90C57

1 Introduction

Totally dual integral systems, introduced in the late 70’s, are strongly connected to
min—max relations in combinatorial optimization [34]. A rational system of linear
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inequalities Ax > b is totally dual integral (TDI) if the maximization problem in the
linear programming duality

min{ch cAx > b} = max{bTy : ATy =c,y>0}

admits an integer optimal solution for each integer vector ¢ such that the optimum is
finite. Every rational polyhedron can be described by a TDI system [28]. For instance,
the polyhedron {x : Ax > b} can be described by TDI systems of the form LAx > qlb
for certain positive g. However, a polyhedron is integer if and only if it can be described
by a TDI system with only integer coefficients [23,28]. Integer TDI systems yield min—
max results that may have combinatorial interpretation.

A stronger property is box-total dual integrality: a system Ax > b is box-totally
dual integral (box-TDI) if Ax > b, £ < x < u is TDI for all rational vectors £ and u
(possibly with infinite components). General properties of such systems can be found
in Cook [12] and Chapter 22.4 of Schrijver [34]. Note that, although every rational
polyhedron can be described by a TDI system, not every polyhedron can be described
by a box-TDI system. A polyhedron which can be described by a box-TDI system is
called a box-TDI polyhedron. As proved by Cook [12], every TDI system describing
such a polyhedron is actually box-TDI.

Recently, several new box-TDI systems have been exhibited. Chen et al. [6] char-
acterized box-Mengerian matroid ports. Ding et al. [18] characterized the graphs for
which the Edmonds’ system defining the matching polytope [21] is box-TDI. Ding et
al. [19] exhibited new subclasses of box-perfect graphs. Cornaz et al. [14] provided
several box-TDI systems in series—parallel graphs. Barbato et al. [3] gave the min-
imal box-TDI system with integer coefficients for the flow cone for series—parallel
graphs. For these graphs, Chen et al. [7] provided a box-TDI system describing the
2-edge-connected spanning subgraph polyhedron.

In this paper, we are interested in integrality properties of systems related to k-
edge-connected spanning subgraphs. A k-edge-connected spanning subgraph of a
graph G = (V, E) is a graph H = (V, F), with F being a collection of elements
of E where each element can appear several times, that remains connected after the
removal of any k — 1 edges.

These objects model a kind of failure resistance of telecommunication networks.
More precisely, they represent networks which remain connected when k — 1 links fail.
The underlying network design problem is the k-edge-connected spanning subgraph
problem (k-ECSSP): given a graph G and positive edge costs, find a k-edge-connected
spanning subgraph of G of minimum cost. Special cases of this problem are related to
classical combinatorial optimization problems. The 2-ECSSP is a well-studied relax-
ation of the traveling salesman problem [24] and the I-ECSSP is nothing but the
well-known minimum spanning tree problem. While this latter is polynomial-time
solvable, the k-ECSSP is NP-hard for every fixed k > 2 [27].

Different algorithms have been devised in order to deal with the k-ECSSP, such
as branch-and-cut procedures [4,15], approximation algorithms [8,26], cutting plane
algorithms [30], and heuristics [11]. In [36], Winter introduced a linear-time algorithm

@ Springer



Box-total dual integrality and edge-connectivity 309

solving the 2-ECSSP on series—parallel graphs. Most of these algorithms rely on
polyhedral considerations.

Given a graph G = (V, E), the convex hull of incidence vectors of all the families
of E inducing a k-edge-connected spanning subgraph of G forms a polyhedron, here-
after called the k-edge-connected spanning subgraph polyhedron of G and denoted
by Py (G). Cornuéjols et al. [16] gave a system describing P»(G) when G is series—
parallel. Vandenbussche and Nemhauser [35] characterized in terms of forbidden
minors the graphs for which this system describes P»(G). Chopra [10] described
Py (G) for outerplanar graphs when k is odd. Didi Biha and Mahjoub [17] extended
these results to series—parallel graphs for all kK > 2. By a result of Baiou et al. [1], the
inequalities in these descriptions can be separated in polynomial time, which implies
that the k-ECSSP is solvable in polynomial time for series—parallel graphs.

When studying k-edge-connected spanning subgraphs of a graph G, we can add the
constraint that each edge of G can be taken at most once. We denote the corresponding
polyhedron by Q4 (G). Barahona and Mahjoub [2] described Q> (G) for Halin graphs.
Further polyhedral results for the case k = 2 have been obtained by Boyd and Hao [5]
and Mahjoub [32,33]. Grétschel and Monma [29] described several classes of facets of
0« (G). Moreover, Fonlupt and Mahjoub [25] extensively studied the extremal points
of Qr(G) and characterized the class of graphs for which this polytope is described
by cut inequalities and 0 < x < 1.

The polyhedron P;(G) is known to be box-TDI for all graphs [31]. For series—
parallel graphs, the system given in [16] describing P>(G) is not TDI. Chen et al. [7]
showed that dividing it by 2 yields a TDI system for such graphs. Actually, they proved
that this system is box-TDI if and only if the graph is series—parallel.

Contributions. Our starting point is the result of Chen et al. [7]. First, their result
implies that P>(G) is a box-TDI polyhedron for series—parallel graphs. However, this
leaves open the question of the box-TDIness of P>(G) for non series—parallel graphs.
More generally, for which integers k and graphs G is P, (G) a box-TDI polyhedron?

We answer this question by proving that, for k > 2, P, (G) is a box-TDI polyhedron
if and only if G is series—parallel. Note that this work is one of the first ones that
proves the box-TDIness of a polyhedron without giving a box-TDI system describing
it. Instead, our proof is based on the recent matricial characterization of box-TDI
polyhedra given by Chervet et al. [9].

By [34, Theorem 22.6], there exists a TDI system with integer coefficients describ-
ing Py (G). For series—parallel graphs, the system provided by Chen et al. [7] has
noninteger coefficients. Moreover, the system given by Didi Biha and Mahjoub [17]
describing Py (G) when k is even is not TDI. When £ > 2 and G is series—parallel,
which combinatorial objects yield an integer TDI system describing Py (G)?

We answer this question by exhibiting integer TDI systems based on multicuts.
When £ is even, we use multicuts to provide an integer TDI system for Py(G) when
G is series—parallel. Our proof relies on the standard constructive characterization of
series—parallel graphs. When k& is odd, we prove that the description of P (G) given
by Didi Biha and Mahjoub [17] based on multicuts is TDI if and only if the graph is
series—parallel. For this case, our proof relies on new properties of the set of degree 2
vertices in simple series—parallel graphs stated in Lemma 2.3.
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The box-totally dual integral characterization of Px(G) implies that these systems
are actually box-TDI if and only if G is series—parallel. By definition of box-TDlIness,
adding x < 1 to these systems yields box-TDI systems for Q4 (G) for series—parallel
graphs.

Outline. In Sect. 2, we give the definitions and preliminary results used throughout the
paper. In Sect. 3, we prove that, for k > 2, Pr(G) is a box-TDI polyhedron if and only
if G is series—parallel. In Sect.4, we provide a TDI system with integer coefficients
describing P (G) when G is series—parallel and k > 2 is even. In Sect.5, we show
the TDIness of the system given by Didi Biha and Mahjoub [17] that describes P (G)
for G series—parallel and £ > 3 odd.

2 Definitions and preliminary results

This section is devoted to the definitions, notation, and preliminary results used
throughout the paper.

2.1 Graphs and combinatorial objects

Given a set E, a family of E is a collection of elements of E where each element can
appear multiple times. The incidence vector of a family F of E is the vector x I of
Zf such that e’s coordinate is the multiplicity of e in F for all e in E. Since there is
a bijection between families and their incidence vectors, we will often use the same
terminology for both.

Given a graph G = (V, E) and the incidence vector z € Z_‘E of a family F of E,
G (z) denotes the graph (V, F).

Let G = (V, E) be a loopless undirected graph. Two edges of G are parallel if
they share the same endpoints, and G is simple if it does not have parallel edges. A
graph is 2-connected if it cannot be disconnected by removing a vertex. The graph
obtained from two disjoint graphs by identifying two vertices, one of each graph, is
called a /-sum. A 2-connected graph is trivial if it is composed of a single edge. We
denote by K, the complete graph on n vertices, that is the simple graph with n vertices
and one edge between each pair of vertices. Given an edge e of G, we denote by
G\e (respectively G /e) the graph obtained by removing (respectively contracting) the
edge e, where contracting an edge uv consists in removing it and identifying # and
v. Similarly, we denote by G\v the graph obtained from G by removing the vertex
v, and by G[W] the graph induced by W, that is, the graph obtained by removing all
vertices not in the vertex subset W. Given a vector x € R and a subgraph H of G,
we denote by x|y the vector obtained by restricting x to the components associated
with the edges of H.

A subset of edges of G is called a circuit if it induces a connected graph in which
every vertex has degree 2. Given a subset U of V, the cut §(U) is the set of edges
having exactly one endpointin U. A bond is a minimal nonempty cut. Given a partition
{Vi,..., V,} of V, the set of edges having endpoints in two distinct V;’s is called a
multicut and is denoted by §(V7, ..., V,,). We denote respectively by Mg and Bg the
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set of multicuts and the set of bonds of G. For every multicut M, there exists a unique
partition {Vy, ..., Vg, } of vertices of V such that M = §(V1, ..., Vy,), and G[V;]is
connected forall i =1, ..., dy. We say that dy is the order of M and V1, ..., Vy,
are the classes of M. Multicuts are characterized in terms of circuits, as stated in the
following.

Lemma 2.1 [13] A set of edges M is a multicut if and only if |[M N C| # 1 for all
circuits C of G.

We denote the symmetric difference of two sets S and T by SAT . It is well-known
that the symmetric difference of two cuts is a cut. Moreover, the following result holds.

Observation 2.2 Let G be a graph, v be a degree 2 vertex of G, and M be a multicut
such that |M N §(v)| = 1. Then, M U §(v) and M AS§(v) are multicuts. Moreover,
dyusw) =du + 1, and dypswy = du.

A graph is series—parallel if its nontrivial 2-connected components can be con-
structed from a circuit of length 2 by repeatedly adding edges parallel to an existing
one, and subdividing edges, that is, replacing an edge by a path of length two. Equiv-
alently, series—parallel graphs are those having no K4-minor [20].

By construction, simple nontrivial 2-connected series—parallel graphs have at least
one degree 2 vertex. Moreover, these vertices satisfy the following.

Lemma 2.3 For a simple nontrivial 2-connected series—parallel graph, at least one of
the following holds:

(i) Two degree 2 vertices are adjacent,
(ii) A degree 2 vertex belongs to a circuit of length 3,
(iii) Two degree 2 vertices belong to the same circuit of length 4.

Proof We proceed by induction, the base case is K3 for which (i) holds.

Let G be a simple 2-connected series—parallel graph. Since G is simple, it can be
built from a series—parallel graph H by subdividing an edge e into a path f, g. Let v
be the degree 2 vertex added with this operation. By the induction hypothesis, either
H is not simple, or one among (i), (ii), and (iii) holds for H. Hence, there are four
cases.

Case I H is not simple. Since G is simple, e is parallel to exactly one edge /. Hence,
f, g, his acircuit of G length 3 containing v, thus (ii) holds for G.

Case 2 (i) Holds for H. Then, it holds for G.

Case 3 (ii) Holds for H. Let C be a circuit of H of length 3 containing a degree 2
vertex, say w. If e ¢ C, then (ii) holds for G. Otherwise, by subdividing e, we obtain
a circuit of length 4 containing v and w, and hence (iii) holds for G.

Case 4 (iii) Holds for H. Let C be a circuit of H of length 4 containing two degree 2
vertices. If e ¢ C, then (iii) holds for G. Otherwise, by subdividing e, we obtain a
circuit of length 5 containing three degree 2 vertices. Then, at least two of them are
adjacent, and so (i) holds for G. O
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2.2 Box-total dual integrality

Let A € R™*" be a full-row rank matrix. This matrix is equimodular if all its m x m
non-zero determinants have the same absolute value. The matrix A is face-defining for
a face F of a polyhedron P C R” if aff (F) = {x € R" : Ax = b} for some b € R",
where aff (F') denotes the affine hull of F'. Such matrices are the face-defining matrices
of P.
Theorem 2.4 [9, Theorem 1.4] Let P be a polyhedron. Then, the following statements
are equivalent:

(i) P is box-TDI.

(ii) Every face-defining matrix of P is equimodular.
(iii) Each face of P has an equimodular face-defining matrix.

In Theorem 2.4, the equivalence of conditions (ii) and (iii) follows from the fol-

lowing observation.

Observation 2.5 ([9, Observation 4.10]) Let F be a face of a polyhedron. If a face-
defining matrix for F is equimodular, then so are all the face-defining matrices for
F.

We will also use the following.

Observation 2.6 Let A € R'*7 be a full row rank matrix and j € J. If A is equimod-
ular, then so are following two matrices:

. A ...
@) |::|:Xj:| if it is full row-rank,

.. A 0
(i1) |: dyd 4 :|
Observation 2.7 [9, Observation4.11] Let P € R" be a polyhedron and let F = {x €

P : Bx = b} be a face of P. If B has full-row rank and n — dim(F) rows, then B is
face-defining for F.

2.3 The k-edge-connected spanning subgraph polyhedron

Note that P¢(G) is the dominant of the convex hull of incidence vectors of all the
families of £ containing at most k copies of each edge and inducing a k-edge-connected
spanning subgraph of G. Since the dominant of a polyhedron is a polyhedron, P (G)
is a full-dimensional polyhedron even though it is the convex hull of an infinite number
of points.

From now on, we assume that k > 2. Didi Biha and Mahjoub [17] gave a complete
description of Py (G) for all k, when G is series—parallel.

Theorem 2.8 ([17]) Let G be a series—parallel graph and h be a positive integer. Then,
P>, (G) is described by:

0 {x(D) > 2h for all cuts D of G, (1a)
x>0, (1b)
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and Pyj+1(G) is described by:

) {x(M) > (h+ )dy — 1 for all multicuts M of G, (2a)

x>0. (2b)

Since the incidence vector of a multicut § (V, ..., Vp) of order £ is the half-sum of
the incidence vectors of the bonds § (V1), . . ., 6(V), we can deduce another description

of P, (G).

Corollary 2.9 Let G be a series—parallel graph and h be a positive integer. Then,
P>, (G) is described by:

3) {x(M) > hdy  for all multicuts M of G, (3a)
x> 0. (3b)

We call constraints (2a) and (3a) partition constraints. A multicut M is tight for a
point of Pr(G) if this point satisfies with equality the partition constraint (2a) (respec-
tively (3a)) associated with M when k is odd (respectively even). Moreover, M is tight
for a face F of P, (G) if it is tight for all the points of F.

The following results give some insights on the structure of tight multicuts.

Theorem 2.10 [17, Theorem 2.3 and Lemma 3.1] Let x be a point of Pap+1(G), and
let M = 68(V1, ..., Vg, ) be a multicut tight for x. Then, the following hold:

(1) Ifdy = 3, then x (S(V,-) ﬂS(Vj)) <h+4lforalli #jef{l,...,dy}
(1) G\V; is connected foralli =1, ...,dy.

Lemma 2.11 Let v be a degree 2 vertex of G and M be a multicut of G strictly
containing §(v) = {uv, vw}. If M is tight for a point of Pr(G) with k > 2, then both
M\uv and M\vw are multicuts of G of order dy; — 1.

Proof 1t suffices to show that u and w belong to different classes of the multicut
M = 6(v, Vo, ..., Vg, ). Suppose that u, w € V,. Then M is the union of the two
multicuts §(v) and M' = §(v U Va, ..., Vg,,). Since dsy) + dy = dy + 1, the sum
of the partition inequalities associated with §(v) and M’ implies that the partition
inequality associated with M is tight for no point of P (G) for every k > 2. O

Chopra [10] gave sufficient conditions for an inequality to be facet-defining for
P (G). The following proposition is a direct consequence of Theorems 2.4 and 2.6
of [10].

Lemma 2.12 Let G be a connected graph having a K4-minor. Then, there exist two
disjoint nonempty subsets of edges of G, E' and E”, and a rational b such that

x(E") 4+ 2x(E") = b, 4)
is a facet-defining inequality of Prj41(G).
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Chen et al. [7] provided a box-TDI system for P»(G) for series—parallel graphs.

Theorem 2.13 [7, Theorem 1.1] The system:
%x(D) > 1 forall cuts D of G,
50 5

is box-TDI if and only if G is a series—parallel graph.

This result proves that the polyhedron P»(G) is box-TDI for all series—parallel
graphs, and gives a TDI system describing this polyhedron in this case. However,
Theorem 2.13 is not sufficient to state that P, (G) is a box-TDI polyhedron if and only
if G is series—parallel.

3 Box-TDIness of P, (G)

In this section we show that, fork > 2, P;(G) is abox-TDI polyhedron for a connected
graph G if and only if G is series—parallel. Since P;(G) = ¥ when G is not connected,
we assume from now on that G is connected.

When k > 2, Pr(G) is not always box-TDI, as stated in Lemma 3.1. Indeed, by
Theorem 2.4, if a polyhedron has a nonequimodular face-defining matrix, then it is
not box-TDI. The proof of Lemma 3.1 exhibits such a matrix when G has a K4-minor.
This follows from the existence of a particular facet-defining inequality when £ is odd,
as shown by Chopra [10]. When £ is even, we build a nonequimodular face-defining
matrix based on the structure of cuts in a K4-minor.

Lemma3.1 Fork > 2,if G = (V, E) has a K4-minor, then Py(G) is not box-TDIL.

Proof When k = 2h + 1 is odd, Lemma 2.12 shows that there exists a facet-defining
inequality that is described by a nonequimodular matrix as Py (G) is full-dimensional.
Thus, P, (G) is not box-TDI by Statement (ii) of Theorem 2.4.

We now prove the case when k is even. Since G has a K4-minor, there exists a
partition {V1, ..., V4} of V such that G[V;] is connected and 5(V;, V;) # ¢ for all
i < je{l,...,4}. We now prove that the matrix A whose three rows are x°() for
i = 1,2, 3is aface-defining matrix of P;(G) which is not equimodular. This will end
the proof by Statement (ii) of Theorem 2.4.

Let ¢;; be an edge in §(V;, V;) foralli < j € {1,...,4}. The submatrix of A
formed by the columns associated with edges e;; is the following:

€12 €13 €23 €14 €24 €34
VW rT 10 1 0 0
211 0 1 0 1 0
Lo 11 0 0 1

The matrix A is not equimodular as the first three columns form a matrix of determinant
-2 whereas the last three ones give a matrix of determinant 1.
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By Observation 2.7, to show that A is face-defining, it is enough to exhibit | E| — 2
affinely independent points of P, (G) satisfying x(8(V;)) =k fori = 1,2, 3.

Let Dy = {e2, €14, €23, e3a}, D2 = {e12, €13, €24, €34}, D3 = {ey3, €14, €23, €24}
and D4 = {e14, e24, e34}. First, we define the points §; = Z?:l kXE[Vi] + %XDJ', for
j=1,2,3,and S4 = Z?:l ky EWVil 4k x P4 Note that they are affinely independent.

Now, for each edge e ¢ {e12, e13, e14, €23, €24, €34}, we construct the point S, as
follows. When e € E[V;]forsomei = 1, ..., 4, we define S, = S4 + x¢. Adding the
point S, maintains affine independence as S, is the only point not satisfying x, = k.
When e € §(V;, V;) for some i, j, we define S, = S¢ — x/ + x°, where S¢ is Sy if
e € §(V1, V4) U (Va, V3) and S> otherwise. Affine independence comes because S,
is the only point involving e.

In total, we built 4 4+ |E| — 6 = |E| — 2 affinely independent points. O

The following theorem characterizes the class of graphs for which Py (G) is box-
TDI. The case k even is obtained using the box-TDIness for k = 2 and the fact that
integer dilations maintain box-TDIness. For the case k odd, on the contrary to what is
generally done, the proof does not exhibit a box-TDI system describing Py (G). For
this case, the proof is by induction on the number of edges of G. We prove that series—
parallel operations preserve the box-TDIness of the polyhedron. The most technical
part of the proof is the subdivision of an edge uw into two edges uv and vw. We
proceed by contradiction: by Theorem 2.4, we suppose that there exists a face F of
Py (G) defined by a nonequimodular matrix. We study the structure of the inequalities
corresponding to this matrix. In particular, we show that they are all associated with
multicuts, and that these multicuts contain either both #v and vw, or none of them—
see Claims 3.1, 3.2, and 3.3. These last results allow us to build a nonequimodular
face-defining matrix for the smaller graph, which contradicts the induction hypothesis.

Theorem 3.2 For k > 2, Py(G) is a box-TDI polyhedron if and only if G is series—
parallel.

Proof Necessity follows from Lemma 3.1. Let us now prove sufficiency. When k = 2,
the box-TDlIness of System (5) has been shown by Chen et al. [7]. This implies box-
TDIness for all even k: multiplying the right-hand side of a box-TDI system by a
positive rational preserves its box-TDIness [34, Section 22.5]. The system obtained
by multiplying by % the right-hand side of System (5) describes P, (G) when k is even.
Hence, the latter is a box-TDI polyhedron.

The rest of the proof is devoted to the case where k = 2k + 1 for some & > 1. To
this end, we prove that for every face of P>,1(G) there exists an equimodular face-
defining matrix. The characterization of box-TDIness given in Theorem 2.4 concludes.
We proceed by induction on the number of edges of G.

If G is trivial, then P2p4+1(G) = {x € Ry : x > 2h + 1} is box-TDL. If G is the
circuit {e, f}, then P2, 11(G) = {x., xy € Ry : x. +xy > 2h + 1} is also box-TDIL.

(I1-sum) Let G be the 1-sum of two series—parallel graphs G’ = (W', E’) and G” =
(W”, E”). By induction, there exist two box-TDI systems A’y > b’ and A"z > b”
describing respectively Py;11(G") and Py, 1(G”). If v is the vertex of G obtained by
the identification, G\ v is not connected, hence, by Statement (ii) of Theorem 2.10,
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a multicut M of G is tight for a face of Py,+1(G) only if M € E' or M C E". Tt
follows that for every face F of Pyj,11(G) there exist faces F' and F” of Py, 1(G’)
and Pj,11(G”) respectively, such that F = F’ x F”. Then P, 11(G) = {(y,z) €
RE < RE": A’y > ', A"z > b"} and so it is box-TDL

(Parallelization) Let G = (V, E) be obtained from a series—parallel graph G’ by
adding an edge g parallel to an edge f of G’ and suppose that P, 1(G’) is box-
TDI. Let A’x > b be a box-TDI system describing P»j,11(G’). Note that Paj11(G) is
described by Ax > b, xy > 0, x; > 0, where A is the matrix obtained by duplicating
f’s column. By Theorem 22.10 of [34], the system Ax > b is box-TDI, hence so is
Ax > b,xr > 0,x, > 0. Thus, P2;41(G) is a box-TDI polyhedron.

(Subdivision) Let G = (V, E) be obtained by subdividing an edge uw of a series—
parallel graph G’ = (V', E’) into a path of length two uv, vw. By contradiction,
suppose there exists a nonempty face F = {x € P2;,+1(G) : Arx = br} such that
AF is a face-defining matrix for F which is not equimodular. Take such a face with
maximum dimension. Then, every submatrix of Ar which is face-defining for a face
of Py;,41(G) is equimodular. We may assume that A ¢ is defined by the partition con-
straints (2a) associated with the set of multicuts M ¢ and the nonnegativity constraints
associated with the set of edges Ef.

Claim3.1 & = 0.

Proof Suppose there exists an edge e € £r. Let H = G\e and let Af, x = b, be
the system obtained from A rx = b by removing the column and the nonnegativity
constraint associated with e. Since the matrix A is of full row rank, so is Af,.
Since e € Ef, for all multicuts M tight for F not containing e, M U e is not a
multicut. Hence M \e is a multicut of H of order dy;, for all M in M g. Hence, the set
Fy ={x € Pypy1(H) : Apyx = br,} is a face of Py,41(H). Moreover, deleting e’s
coordinate of aff (F) gives aff (Fyy) so Af,, is face-defining for Fy. By the induction
hypothesis, A, is equimodular. Since maximal invertible square submatrices of A r
are in bijection with those of A, and have the same determinant in absolute value,
AF is equimodular, a contradiction. O

Claim 3.2 Fore € {uv, vw}, atleast one multicut of M  different from §(v) contains e.

Proof By contradiction, suppose for instance that uv belongs to no multicut of Mg
different from 8 (v).

First, suppose that § (v) does not belong to M r. Then, the column of A r associated
with uv is zero. Let A’ be the matrix obtained from A r by removing this column. Every
multicut of G not containing uv is a multicut of G’ (relabelling vw by uw), so the rows
of A, are associated with multicuts of G'. Thus, F' = {x € Pt(G') : Ayx = br}isa
face of Pyj,11(G’). Removing uv’s coordinate from the points of F gives a set of points
of F’ of affine dimension at least dim(F) — 1. Since A% has the same rank as A r and
has one column fewer than Ar, then A’ is face-defining for F’ by Observation 2.7.
By the induction hypothesis, A’ is equimodular. Since adding a column of zeros
preserves equimodularity, A r is also equimodular.

Suppose now that § (v) belongs to M . Then, the column of A r associated with uv
has zeros in each row but x°™). Let A% x = b, be the system obtained from Apx = bp
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by removing the equation associated with § (v). Then F* = {x € P;(G) : A% x = by}
is a face of Px(G) of dimension dim(F) + 1. Indeed, it contains F and z +ax"’ ¢ F
for every point z of " and o > 0. Hence, A%, is face-defining for /*. This matrix is
equimodular by the maximality assumption on F, and so is Ar by Statement (ii) of
Observation 2.6. O

Claim 3.3 |M N§(v)| # 1 for every multicut M € M.

Proof Suppose there exists a multicut M tight for F such that [M N §(v)| = 1.
Without loss of generality, suppose that M contains uv but not vw. Then, F C {x €
P, +1(G) : xyy > x4y} because of the partition inequality (2a) associated with the
multicut M A§(v). Moreover, the partition inequality associated with §(v) and the
integrality of Py;41(G) imply F C {x € Pry4+1(G) : xyy > h + 1}. The proof is
divided into two cases.

Case 1 F C {x € Py+1(G) : xyy = h + 1}. We prove this case by exhibiting an
equimodular face-defining matrix for . By Observation 2.5, this implies that A is
equimodular, which contradicts the assumption on F.

Equality x,,, = h + 1 can be expressed as a linear combination of equations of
Apx = bp. Let Alx = b/, denote the system obtained by replacing an equation of
Afpx = b by xyyy = h + 1 in such a way that the underlying affine space remains
unchanged. Denote by A the set of multicuts of M containing vw but not uv. If
N # ¢, then let N be in . We now modify the system A’zx = b/ by performing
the following operations.

1. For all M € M strictly containing §(v), replace the equation associated with M
by the partition constraint (2a) associated with M\vw set to equality, that is,
x(M\vw) = (h + Ddp\pw — 1.

2. If §(v) € Mp, then replace the equation associated with §(v) by the constraint

Xyp = h.

. If N # @, thenreplace the equation associated with N by the constraint x,,, = h+1.

4. For all M € N\N, replace the equation associated with M by the partition
constraint (2a) associated with M AS(v) set to equality, that is, x(MAS(v)) =
(h + Ddyasw) — 1.

(O8]

These operations do not change the underlying affine space. Indeed, for every multicut
M strictly containing §(v) and tight for F, the set M\vw is a multicut tight for F by
Lemma 2.11 and F C {x € Py+1(G) : xyy = h + 1}. If §(v) is tight for F, then
F C {x € Py1+1(G) : xyp = h} because F C {x € Pyy+1(G) : xyyy = h + 1}. For
M € N, by Observation 2.2, the set M A8 (v) is a multicut of order dj;. The tightness of
the constraint (2a) associated with N and the constraint (2a) associated with M A§(v)
imply that ' C {x € P2 1(G) : xyuw < Xyp}. Since F' C {x € Py 1(G) : Xy >
Xuv}, we have FF C {x € Pyp+1(G) : xyp = h + 1} and M AS§(v) is tight for F. It
follows that, if §(v) € M f, then N' = @. Therefore, at most one among Operations 2
and 3 is applied so the rank of the matrix remains unchanged.

Let A}.x = b}, be the system obtained by removing the equation x,,, = h + 1
from A’.x = b';. By construction, A x = b7, is composed of constraints (2a) set to
equality and possibly x,,, = h or x,, = h+ 1. Moreover, the column of A’ associated
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with vw is zero. Let F” = {x € P, 4+1(G) : A.x = bJ.}. For every point z of F and
o > 0,z4ax"" belongs to F” because the column of A, associated with vw is zero,
and z + ax"™ € Py,+1(G). This implies that dim(F”) > dim(F) + 1.

If F” is a face of Py;41(G), then A’ is face-defining for F” by Observation 2.7
and because A, is face-defining for F. By the maximality assumption on F, A’ is
equimodular, and hence so is A, by Statement (i) of Observation 2.6.

Otherwise, by construction, F” = F* N {x € Rf : x,, = t} where F* is a
face of Pyj,4+1(G) strictly containing F and t € {h, h + 1}. Therefore, there exists a
face-defining matrix for F” given by a face-defining matrix for F* and the row x“?.
Such a matrix is equimodular by the maximality assumption of F' and Statement (i)
of Observation 2.6. Hence, A’ is equimodular by Observation 2.5, and so is A’ by
Statement (i) of Observation 2.6.

Case 2 F g {x € Pop+1(G) : x4y = h + 1}. Thus, there exists z € F such that
Zyw > h 4+ 1. By Claim 3.2, there exists a multicut N # 6 (v) containing vw which is
tight for F. By Statement (i) of Theorem 2.10, the existence of z implies that N is a
bond, hence it does not contain uv. The set L = N A§(v) is abond of G. The partition
inequality (2a) associated with L implies that F' € {x € Py+1(G) : Xyu = Xyp}
and L is tight for F. Moreover, N is the unique multicut tight for F' containing vw.
Suppose indeed that there exists a multicut B containing vw tight for F. Then, B is
a bond by Statement (i) of Theorem 2.10 and the existence of z. Moreover, BAN is
a multicut not containing vw. This implies that no point x of F satisfies the partition
constraint associated with BAN because x(BAN) = x(B) + x(N) —2x(BN N) =
2Q2h+1) —=2x(BNN) <4h + 2 — 2xyy < 2h, a contradiction.

Consider the matrix A%}, obtained from Ay by removing the row associated with
N. Matrix A%, is a face-defining matrix for a face F* 2 F of Py, 11(G) because
F* contains F and z + ax"? for every point z of F and « > 0. By the maximality
assumption, the matrix A%}, is equimodular. Let B be the matrix obtained from A r by
replacing the row x " by the row x " — x L. Then, By is face-defining for F'. Moreover,
Br is equimodular by Statement (ii) of Observation 2.6—a contradiction. O

Let A’zx = b, be the system obtained from A px = b by removing uv’s column
from Ar and subtracting & + 1 times this column to br. We now show that {x €
Pop1(G') : Alpx = blp}isaface of Pyyy1(G)if 8(v) ¢ Mp,andof P 1(G')N{x :
Xyw = h} otherwise. Indeed, consider a multicut M in Mpg. If M = §(v), then
the equation of A’;x = b/ induced by M is nothing but x,,, = h. Otherwise, by
Lemma 2.11 and Claim 3.3, the set M \uv is a multicut of G’ (relabelling vw by uw)
of order dy if uv ¢ M and dy — 1 otherwise. Thus, the equation of Ax = b/
induced by M is the partition constraint (2a) associated with M \uv set to equality.

By construction and Claim 3.3, A% has full row rank and one column less than
Af. We prove that A’ is face-defining by exhibiting dim(F) affinely independent
points of P;11(G’) satisfying A%,x = b/.. Because of the integrality of Py, 41(G),
there exist n = dim(F) + 1 affinely independent integer points z', ..., 7 of F. By
Claims 3.2 and 3.3, there exists a multicut strictly containing § (v). Then, Statement (i)
of Theorem 2.10 implies that F' € {x € RE :xyp <h+1,xp0 <h+ 1}. Combined
with the partition inequality x,,, + Xy, > 2k + 1 associated with 8 (v), this implies that

atleast one of 7/, and zi , isequalto s + 1 fori = 1,...,n. Since exchanging the uv
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and vw coordinates of any point of F gives a point of F by Claim 3.3, the hypotheses on

b ..., "are preserved under the assumption thatziw =h+l1fori=1,...,n—1.Let
y!, ..., y""! be the points obtained from z!, ..., z*~! by removing uv’s coordinate.
Since every multicut of G’ is a multicut of G with the same order, y!, ..., y"~! belong

to Po;41(G’). By construction, they satisfy A’zx = b'. so they belong to a face of
Pop1(G") or Papy1(G’) N {x : x4 = h}. This implies that A is a face-defining
matrix of Py, 1(G’) if 8(v) ¢ Mg, and of Py 1(G") N {x : x,y = h} otherwise.

By induction, Pyj,+1(G’) is a box-TDI polyhedron and hence so is Ppp41(G') N{x :
Xuw = h}. Hence, A’ is equimodular by Theorem 2.4. Since A is obtained from A’
by copying a column, then A is also equimodular—a contradiction. O

By definition of box-TDIness and QO (G), Theorem 3.2 implies that Oy (G) is box-
TDI when G is series—parallel. The converse does not hold. Indeed, for instance, when
G = (V, E) is a minimal k-edge-connected graph, Qx(G) is nothing but the single
point x £ so it is a box-TDI polyhedron.

4 An integer TDI system for Py, (G)

Let G be a series—parallel graph. In this section we provide an integer TDI system for
P>, (G) with h positive and integer.

The proof of the main result of the section is based on the characterization of
TDIness by means of Hilbert bases. A set of vectors {vl, e, vk} is a Hilbert basis if
each integer vector that is a nonnegative combination of v', ..., v¥ can be expressed
as a nonnegative integer combination of them. The link between Hilbert basis and
TDlIness is stated in the following theorem.

Theorem 4.1 (Theorem 22.5 of [34]) A system Ax > b is TDI if and only if for every
face F of P = {x : Ax > b}, the rows of A associated with tight constraints for F
form a Hilbert basis.

In the previous theorem, we could restrict to minimal faces: indeed, the cone gen-
erated by the constraints tight for a face F is a face of the cone generated by the
constraints active for a face F/ C F [34].

Remark 4.2 A system Ax > b is TDI if and only if, for each minimal face F of
P = {x : Ax > b}, the rows of A associated with constraints tight for F form a
Hilbert basis.

The rest of the section is devoted to prove that the system given by the partition
constraints and the nonnegativity constraints, which describes P (G) when k is even,
is TDI when G is series—parallel.

The proof is based on the TDIness of System (5) and the structure of inequali-
ties (3a). Their right-hand sides are proportional to k, hence it is enough to prove the
case k = 2. This allows us to use Theorem 2.13 to obtain a TDI system for P>(G).
In terms of Hilbert bases, the TDIness of this system implies that, given a face F of
P,(G), the integer points of the associated cone are the half sum of the cuts tight for
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F'. The technical part of the proof is to show that each integer point of this cone is also
the sum of incidence vectors of the multicuts tight for F.

Theorem 4.3 For a series—parallel graph G and a positive integer h, System (3) is
TDI

Proof We only prove the case & = 1 since multiplying the right hand side of a system
by a positive constant preserves its TDIness [34, Section 22.5].

The proof is done by induction on the number of edges of the graph G = (V, E).
When G consists of two vertices connected by a single edge ¢, System (3) is x; >
2,x¢ > 0 and is TDL If G is the circuit {e, f}, System (3) is x, +xr > 2,x > 0 and
is TDI.

(Parallelization) Let now G be obtained from a series—parallel graph H by adding
an edge g parallel to an edge f of H. System (3) associated with G is obtained from
that associated with H by duplicating f’s column in constraints (3a) and adding the
nonnegativity constraint x > 0. By Lemma 3.1 of [7], System (3) is TDL.

For the other cases, we prove the TDIness of System (3) associated with G using
Remark 4.2. More precisely, we prove that for any extreme point z of P»(G), the set
of vectors {(xM : M € T,} U {x¢ : e € E, z, = 0} is a Hilbert basis, where 7; is the
set of multicuts tight for z.

(1-sum) Let G be the 1-sum of two series—parallel graphs G' = (W', E!) and
G? = (W2, E?) and let z be an extreme point of P>(G). By construction, we have
7= (zl, zz) where 7' € P>(GY) for i = 1, 2. Moreover, for each multicut M € 7.,
the graph obtained from G(z) by contracting the edges of E\M is a circuit. Indeed,
it is 2-edge-connected since G (z) is, and it has z(M) = dj; edges and dj; vertices.
Therefore M is either a multicut of G! tight for z! or one of G? tight for z2.

By induction, Systems (3) associated with G' and G2 are TDI. Thus, {x¥ : M €
T.OM(GHYU{x®: e € E', z, = 0} is a Hilbert basis for i = 1, 2 by Theorem 4.1.
Since they belong to disjoint spaces, their union is a Hilbert basis. By Theorem 4.1,
System (3) is TDI.

(Subdivision) Let G = (V, E) be obtained by subdividing an edge uw of a series—
parallel graph G’ = (V’, E’) into a path of length two uv, vw, and let z be an extreme
point of P»(G).

Without loss of generality, suppose z,, > Zyyw. Define 7/ € ZE' by 2, = Zovw
and z, = z, for all edges e in E"\uw. Note that z’ belongs to P»(G’) since G'(Z’) is
obtained by contracting the edge uv in G(z), and this contraction preserves 2-edge-
connectivity.

Note that forall e € E, z, € {0, 1, 2}. Indeed, since z is an extreme point of P>(G)
which is also described by System (1), if z, > 0, then e belongs to a cut D tight for
z. Moreover, as z,, > Zyy, the partition constraint (3a) associated with §(v) implies
that z,,, € {1, 2}. We now consider two different cases depending on the value of z,,.

Case 1 z,,, = 2. We first show that every multicut of 7; containing #v is abond. Indeed,
note that every multicut M withdy, = 2isabond. Ifamulticut M = 8(Vy, ..., Vy,) €
T, satisfies dyy > 3 and uv € §(Vi, V), then M' = §(V1 U Vo, Va, ..., Vy,) is a
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multicut and satisfies
Z(M/) <zM)—-2<dy—1=dy.

Hence, the partition constraint (3a) associated with M’ is violated, a contradiction.

Moreover, there exists at most one bond of 7, say N, containing uv. As otherwise
suppose there exist two bonds B and B, in 7, containing uv. Then, z(B;AB;) <
z(B1) + z(By) — 2z, = 0, which contradicts the constraint (3a) associated with the
multicut B1 A B;. For a multicut M not containing uv, M € 7, ifand only it M € 7.
This implies that 7, = 7, U N. By induction and Theorem 4.1, 7, U £, is a Hilbert
basis. As &, = &, (identifying uv and vw) and N is the only member of 7, U &,
containing uv, 7; U &, is also a Hilbert basis.

Case 2 z,, = 1. Let v be an integer point of the cone generated by 7, U £,. We prove
that v can be expressed as an integer nonnegative combination of the vectors of 7, UE..
This implies that 7; U &; is a Hilbert basis.

Let B; be the set of bonds of 7. Since System (5) is a TDI system describing P>(G)
in series—parallel graphs, the set of vectors {% x8 : B € B,}U&, forms a Hilbert basis
by Theorem 4.1. Then, there exist Ap € %Z+ forall B € B; and u, € Z for all
ee& suchthatv=>Yp s Apx®+ Y e mex®.

Since z,y > zyw, the partition inequality (3a) associated with §(v) implies that
Zyw = 1 and §(v) € 7. In particular, vw ¢ &£;. The vector v is an integer combination
of vectors of 7; U &, if and only if v — L)\g(v)])(‘s(“) is, thus we may assume that
A3 € {0, 1}. Define w € Z by:

—— Vyy + Vyw _2)\5(1;) ife =uw,
CT ] ve otherwise.

Note that (B\uw) U uv and (B\uw) U vw are bonds of 7; whenever B is a bond of
7, containing uw because z,,,, = Zyy = Zyw = 1. Moreover, a bond B of 7y which
does not contain uw is a bond of 7. Since §(v) is the unique bond of G containing
both uv and vw and &, = &,/, we have:

W= Z ()L(B\uw)qu + )\(B\uw)va)XB + Z )\BXB + Z :ueXe-
BeB,uweB BeB,uw¢B ee&y

Thus, w belongs to the cone generated by 7,y U £,. By the induction hypothesis,
7. U & is a Hilbert basis, hence there exist 1), € Z, forall M € T,y and ), € Z
forall e € & such thatw ="y 7 Ay, x™ + Dcee, HeX-

Consider the family N of multicuts of 7T, where each multicut M of T, appears 1,
times. Suppose first that A5,y = 0. Then, v, + vy, multicuts of N contain uw. Let
‘P be a family of v, multicuts of A/ containing uw and Q = {F € N : uw € F}\P.
Then, we have

V= Z XM + Z X(M\uw)qu + Z X(M\uw)va + Z M;Xe- (6)

MeN uw¢M MeP MeQ ec,
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Suppose now that Asq) = % Then, W, = Vuu + Vyw — 1 multicuts of A contain
uw. Let P be a family of v,, — 1 multicuts of N/ containing uw, let Q be a family of
Vyw — 1 multicuts in {F € N : uw € F}\'P, and denote by N the unique multicut of
N containing uw which is not in P U Q. Then, we have

V= Z XM + Z X(M\uw)qu + Z X(M\uw)va +X(N\uw)U8(v)
MeN uw¢M MeP MeQ
+ > ot @
eeSz/

Every M € 7, notcontaining uw isin 7. Forevery M € 7 containing uw, (M \uw)U
uv, (M\uw) U vw and (M\uw) U §(v) belong to 7 since z,,, = Zuy = Zow = l.
Since £, = &/, then v is a nonnegative integer combination of vectors of 7, U £, in
both (6) and (7). This proves that 7; U &, is a Hilbert basis. Therefore by Remark 4.2,
System (3) is TDI. O

The box-TDIness of P¢(G) and the TDIness of System (3) give the following result.
Corollary 4.4 System (3) is box-TDI if and only if G is series—parallel.

Proof If G is series—parallel, then System (3) is box-TDI by Theorems 3.2 and 4.3,
since a TDI system describing a box-TDI polyhedron is box-TDI [12]. If G is not
series—parallel, Theorem 3.2 ensures that Px(G) is not box-TDI, therefore System (3)
is not box-TDI. O

Theorem 4.3 leaves open the following problem:

Open Problem 4.5 Characterize the classes of graphs such that System (3) is TDI.

5 An integer TDI system for Pyp 1 (G)

In this section, we prove that System (2) is TDI if and only if G is a series—parallel
graph—see Theorem 5.1. Proving the TDIness for k odd is considerably more involved
than for k even. The first difference with the even case is the lack of a known TDI
system describing P(G) when k is odd, even a noninteger one. Thus, no property
of the Hilbert bases associated with Py (G) is known, and the approach used to prove
Theorem 4.3 cannot be applied. Instead, following the definition of TDIness, we prove
the existence of an integer optimal solution to each feasible dual problem.

Another difference with the case k even follows from the structure of the partition
inequalities (2a). In particular, the presence of the constant “—1” in the right-hand
sides perturbs the structure of tight multicuts. Indeed, when k is odd, the tightness of
8(V1, ..., Vy) does not imply that of §(V7), ..., 8(V,). Consequently, it is not clear
how the contraction of an edge impacts the tightness of a multicut §(Vy, .. ., V,;): merg-
ing adjacent V;’s is not sufficient to obtain new tight multicuts. Due to the link between
tight multicuts and positive dual variables, the structure of the optimal solutions to the
dual problem is completely modified when subdividing an edge. Proving directly that
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subdivision preserves TDIness turned out to be challenging, and we overcome this
difficulty by deriving new properties of series—parallel graphs—see Lemma 2.3.

The proof of Theorem 5.1 focuses on properties of vertices of degree 2 in a min-
imal counterexample to the TDIness of System (2). In particular, we prove that no
two vertices of degree 2 are adjacent (Claim 5.9), or in the same circuit of length 4
(Claim 5.11). Moreover, no triangle contains vertices of degree 2 (Claim 5.10). By
Lemma 2.3, this implies that the graph is not series—parallel. To derive these proper-
ties, we study the interplay between cuts associated with degree 2 vertices and dual
optimal solutions—see Claims 5.3-5.8.

Theorem 5.1 For h positive and integer, System (2) is TDI if and only if G is series—
parallel.

Proof If G is not series—parallel, then System (2) is not TDI because every TDI system
with integer right-hand side describes an integer polyhedron [22], but when G has a
K4-minor, System (2) describes a noninteger polyhedron [10].

We now prove that, if G is series—parallel, then System (2) is TDI. We prove the
result by contradiction. Let G = (V, E) be a series—parallel graph such that System (2)
is not TDI. By definition of TDIness, there exists ¢ € Z£ such that DG, ¢):

max Z byym

MeMg
S.t.
Z Ym = ce foralle € E, (8a)
MeMgG.eeM
ym =0 forall M € Mg, (8b)

is feasible, bounded, but admits no integer optimal solution, where by; = (h+1)dy;—1
for all M € M. Without loss of generality, we assume that:

(1) G has a minimum number of edges,
(i) Y cf ce is minimum with respect to (i).

By definition, DG ) is feasible if and only if ¢ > 0. Hence, by minimality assump-
tion (ii), D¢, has an optimal integer solution for every integer ¢’ # ¢ such that
0<c <ec.

Let M be a multicut of G. We denote by &) the vector of {0, 13M6 whose only
nonzero coordinate is the one associated with M. We say that M is active for a solution
vy to DG,¢) if yu > 0. Note that, by complementary slackness, a multicut is active for
an optimal solution to DG ) only if it is tight for an optimal solution to the primal
problem. In particular, if a multicut is tight for no point of P»,1(G), then it is active
for no optimal solution to D(g,¢). Thus, we will use Lemma 2.11 and Theorem 2.10
to deduce properties on the optimal solutions to DG ).

Claim 5.1 G is simple, 2-connected, and nontrivial.
Proof Suppose for a contradiction that there exist two parallel edges e¢; and e, and

Ce; < Ce,.Since amulticut contains either both ey and e, or none of them, the inequality
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(8a) associated with e, is redundant because ¢,; < c,,. This contradicts minimality
assumption (i), so G is simple.

Assume for a contradiction that G is not 2-connected. Then G is the 1-sum of two
distinct graphs G| = (V1, E1) and G, = (V», E3). By Statement (ii) of Theorem 2.10,
the multicuts of G that intersect both £ and E are not tight for the points of P>, 1(G),
by complementary slackness, these multicuts are not active for the optimal solutions
to D(G,). Hence, every optimal solution y to D) is of the form:

vy ifMe Mg,
M = y%,l if M e Mg,, forall M € Mg,

0 otherwise,

where y' is an optimal solution to DG i.ci;) fori =1, 2. By minimality assumption (i),
there exists an integer optimal solution y' to D(Gj,eip,) fori = 1,2, implying that
(', 7?) is an integer optimal solution to D(g, ), a contradiction.

Finally, if G = K>, Mg contains only one multicut, say {e}, and the optimal

solution to D(g ) is y?e} = ¢, which is integer. O

Claim 5.2 Forall edges e € E, c, > 1.

Proof By hypothesis, ¢ > 0 is integer and DG ) has an optimal solution, say y*.
Suppose for a contradiction that there exists an edge ¢ € E withc, = 0.Set G’ = G /e
and ¢’ = c¢|(g\¢). The active multicuts for y* do not contain the edge e so they are
multicuts of G since Mg = {M € Mg : e ¢ M}. Hence, the point y/ € RM¢’
defined by y}, = y}, for all M € M is a solution to D¢/ /).

By minimality assumption (i), there exists an integer optimal solution y to D(g ).
Extending y to a point of 7Ma by setting to 0 the missing component gives an integer
solution to D ¢) with cost b'y > by =bTy* This is an integer optimal solution
to D(g,¢) since y* is optimal, a contradiction to the hypothesis that DG ) has no
integer optimal solution. O

Claim 5.3 Every optimal solution y to DG, satisfies 0 < yyr < 1 forall M € Mg.

Proof By contradiction, suppose that y* is an optimal solution to D(¢ ) such that there
exists a multicut M such that y}, > 1. Therefore, the point y’ defined by y’ = y* — &y
is a solution to D¢,y where ¢’ = ¢ — x™. By minimality assumption (ii), DG,
admits an integer optimal solution y”. The point ¥ defined by y = y” + &y is an
integer solution to D ) and we have:

ij} — bTy// +bM > bTy/ + bM — bTy*
Therefore y is an integer optimal solution to D), a contradiction. O

From the definition of series—parallel graphs, Claim 5.1 implies that G contains at
least one degree 2 vertex. Let V be the set of degree 2 vertices of G.
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Claim5.4 Letv € 17, 8(v) = {e1, ex}, y be an optimal solution to DG, ), and M
be an active multicut for y such that M1 N (v) = ey. If 5(v) is active for y, then no
multicut whose intersection with §(v) is ey is active for y.

Proof We prove the result by contradiction. Assume that M and §(v) are active for
y and that there exists a M» active for y with M, N §(v) = ez. By Observation 2.2,
Ml./ = M; U §(v) is a multicut of G such that dM’{ =dy, +1fori = 1,2. Let
0 < & <min{ym,, ym,., s} Then, the point:

Y=y—¢ (le +x "+ x‘“”) +e (XMi + xMé)

is a solution to DGy, and we have by =bTy 4+ ¢, implying that y is not optimal,
a contradiction. O

Claim 5.5 For every optimal solution to DG, the constraints (8a) associated with
the edges incident to a degree 2 vertex are tight.

Proof We prove the result by contradiction. Suppose that there exist an optimal solution
y*to DG, and a vertex v with § (v) = {ey, e2} such that the inequality (8a) associated
with e; is not tight. For i = 1, 2, let s; be the slack of the constraint associated with
e¢;, that is,

*
Sj = Ce; — Z Y-

MeMg:e;eM

Inequality (8a) associated with e, is tight, as otherwise there exists 0 < n <
min{si, s2}, suchthat y*+n&s,) is asolution to D(g ), a contradiction to the optimality
of y*. Hence, Claims 5.2 and 5.3 imply that there are at least two distinct multicuts M
and M active for y* and containing e;. Let 0 < & < min{y,"[,,1 , y/’f,,z, si}.Fori =1,2,
e1 € M;, as otherwise y' = y* + &(&p,ue, — Eu;) 1s a solution to DG ¢). This solution
is such that b7y’ = bTy* + e(h + 1) > b'y*, a contradiction to the optimality
of y*. Thus, both M| and M, contain §(v). Since they are distinct, at least one of
them, say Mj, strictly contains §(v). Then, y” = y* + e(—&m, + Emp\er + E5v)
is a solution to D, ) because Mj\e; belongs to Mg by Lemma 2.11. Then,
by = bTy* + e(—=bp, + by, — (h +1) +2h + 1) > b y*, a contradiction.

O

Given a solution y to D), we define for each vertex v € V the set A3 as the set
of multicuts active for y that strictly contain §(v). Moreover we define the value o

as:
=) v

MeA)

Claim 5.6 Every optimal solution y to DG, satisfies 0 < oy < 1forallv e V.
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Proof Suppose for a contradiction that there exist an optimal solution y* to D¢, ) and
a vertex v of V such that either @) > 1 ora) = 0. Denote the two edges incident to
v by €1 and e; in such a way that ¢, < c,,.

Suppose first that o;) ' > 1. By Claim 5.3, there exist at least two multicuts in Aﬁ*.
Let Af = {My,...,M,}. By Lemma 2.11, foralli = 1,...,n, Mi/ = Mi\e; is a
multicut of G with dyy = dy, — 1. Let ¢ =c— x%. By ocl),’* > 1, there exist ¢; for
alli =1,...,n,such tlhat 0<¢ < y}’t,,i and Z?:l €; = 1. The point y1 defined by:

n
=yt Z (—EiSM[ + GiSM;)
i=1

is a solution to D(g, ). By definition of b, we have:
biyl=bTy* —h—1. 9)

By minimality assumption (ii), D(g,) admits an integer optimal solution, say y2.
This solution satisfies with equality the constraint (8a) associated with e; as otherwise
y? + &5(») would be a solution to DG,y with cost b7 y? + bsyy > byl +2h + 1,
contradicting the assumption that y* is optimal by (9) and & > 1. Hence, there exists
amulticut M active for y2 containing e, but not e since cé  + 1< céz. By definition,
M U ey is a multicut of G of order dy; + 1. Define y? e ZMa by:

=y —x"+x

MUel
By definition of ¢’ and y?, the point y? is an integer solution to D(G,c)- Therefore, by
(9), since y? is optimal in D(g,¢y and by definition of y3, we have:

by =b "y +h+1<b Ty’ +h+1<by.

Thus, y? is an integer optimal solution to D(G,¢), a contradiction.

Suppose now that (xly,* = 0. First, note that §(v) is not an active multicut for y*.
Otherwise by Claims 5.2, 5.3 and 5.5, there would be a multicut containing e; and
not ey, say N1, and a multicut containing e> and not e, say N, which are both active
for y*. This contradicts Claim 5.4. Hence, by definition of al})’*, no active multicut
contains §(v).

By Observation 2.2, if a multicut M contains e but not e, then MAS§(v) is a
multicut with the same order and by; = by asv)- Hence, we can define the point
y* e QMo

0 ife; € M,
y?W: y;t’j[—}—yx,ms(v) ife; ¢ Mandey € M, forall M € Mg,
A otherwise,
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which is a solution to D ¢, Where ¢ is defined by:

Cey +Coy ife=e,
ce=10 ife =e, foralle € E.
Ce otherwise,

By construction, we have:
byt =bTy* (10)
Using the argument given in the proof of Claim 5.2, we deduce that D¢ » admits
an integer optimal solution, say y°. Let S be the family of active multicuts for y>
containing ep, where each multicut M appears yi,[ times in S. We have |S| > ¢, as
otherwise y> would be an integer optimal solution to DG.c), a contradiction.

We now construct from y° an integer solution y® to D(G,c) with the same cost by
replacing e, by e in some active multicuts for y>. More formally, since |S| > Ceys
there exists &’ € S with |S’| = ¢,,. By Observation 2.2, M A§(v) is a multicut of G
forall M € S’ and by = byasw).- Let y6 € ZMG be the point defined by:

YW=y"+ Y (Emasw) — Em)

MeS’

By construction, we have:
bTy0 =bTy . (11)

Note that for each M € §', adding &y as) — Em to a point of RMG increases (resp.
decreases) by 1 the left-hand side of the inequality (8a) associated with e (resp. e2)
while not changing the left-hand side of the inequalities (8a) associated with the edges
of E\{ey, e2}. Therefore, by definition of ¢, y© is a solution to DG,c)- By (11), the
optimality of y>, and we have:

bTyG — bTyS Z bTy4 — bTy*
Therefore y is an integer optimal solution to D(G.c), a contradiction. O

Claim 5.6 implies that for each optimal solution y and for each v € V there exists
at least one multicut strictly containing §(v) that is active for y. For the following
claims we need to define a subset of optimal solutions to D(g,): let D, be the set of
optimal solutions to D¢,y for which §(v) is not active. Note that if D, is not empty,
then there exists a solution y in ®, maximizing o over all z € D,,.

The following claim presents the structure of a specific optimal solution to DG, )
for which §(v) is not active.

Claim 5.7 Let v € V with S5(v) = {ey, ez} and let y* € B, maximize o over all
7 € ©y. Then, there are exactly 3 multicuts active for y* intersecting §(v): two bonds
F Uey and F U ey and a multicut F U {ey, e2} of order 3, for some F C E.

Proof By Claim 5.6, there exists at least one multicut strictly containing §(v) which
is active for y*, say My. By definition of ©,, §(v) is not active for y*. Hence, by
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Claim 5.5, there exists at least one multicut active for y* which contains e¢; and not
8(v)\e;j, fori = 1, 2. Let M; be such a multicut with maximum order.

First, we prove that dy, = 3. By definition, My = §(v, V2, V3, ..., VdM0)~ More-
over, by Lemma 2.11 and complementary slackness, the two vertices adjacent to v
belong to two different classes, say V» and V3. By contradiction, suppose that dy, > 4.
Then, M(/) =5(vUVr,UVs, ..., VdMO) is a multicut of order dy, — 2. Fori =1, 2,
M! = M; U §(v) is a multicut of order dj;; + 1. Let 0 < & < min{y;f,lo, y}f,[l , yz‘h}.
Then, let y/ € RM6 be the point defined by:

Y =y — by + by e ) (—EM,. + EM;) :

i=1,2

By construction, y’ is a solution to D¢, with 5T y* = bTy’. Hence y’ is an optimal
solution, but we have oy = o + ¢ because §(v) C M| fori = 1, 2. This contradicts

the maximality of ) . Therefore dyy, = 3.

Now, we show that M is a bond. The result for M3 holds by symmetry. By contra-
diction, suppose that M1 = §(V1, ..., VdMl ) with dy;, > 3. Without loss of generality,
we suppose that e € §(V1) N §(V2). Then, M{ =6(ViUV,, ..., VdMl) is a multicut
of order dy, — 1. Moreover, Mé = M> U §(v) is a multicut of order dy, + 1. Let
0 <& < min{y}, , yj,,} and y' € RMG be the point defined by:

y/ = y* - 8EM1 +8§M; - EEMZ + SgMé

By construction, y’ is a solution to D) with bTy* = bTy’. Hence y’ is an opti-
/ %
mal solution, but we have o), = «; + ¢ because §(v) - Mé. This contradicts the

maximality of ). Therefore, dy, = dy, = 2.

We now prove that there exists a set F' such that My = F U§(v), and M; = F Ue;
fori = 1, 2. Note that M| U M> is a multicut so y” = y* + e(Epyum, — Emy — Em,) 18
a solution to DG, ¢). The optimality of y* implies dy;,um, < 3. Since M and M> are
distinct bonds, there exists F € E\§(v) such that M; = F Ue;, for i = 1, 2. Finally,
let No = Mo\ez and N1 = M U ep. Note that y = y* + e(En, — Emy + &N, — Emy)
is an optimal solution to D¢ ) for which 8(v) is not active. Moreover, Ny and M>
are bonds active for y since dy, = 3. This implies that No = F U ej, and hence
My = F US§(v).

This implies that My, M1, and M, are the only multicuts active for y* intersecting
8(v). Indeed, if M is a multicut active for y* strictly containing & (v), then repeating the
proof above with M, My, and M, shows that there exists F’ such that M = F'U§(v),
and M; = F' Ue; fori = 1,2. Since M; = FUe; fori = 1,2, wehave F/ = F
and hence M = M. A similar argument holds for any multicut active for y* and
intersecting §(v). O

Claim 5.8 Let v € V and y* be an optimal solution to DG, c)- Then,

@) Ifyg‘(v) =0, then c, = 1 for all e € §(v),
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(i) Ify;k(v) > 0, then otf;* + yg(v) = 1, and there exists e € §(v) such that c, = 1.

Proof (i) First suppose that yg“(v) =0, then ©, # @. Let y’ € D, maximize o5 over
all z € ©,. Then, by Claim 5.7, there exist exactly two active multicuts for y’
containing e; fori = 1, 2. Combining Claims 5.3 and 5.5, and the integrality of c,
we obtain that ¢,, = 1 fori =1, 2.

(i) Let now y;‘(v) > 0. By Claim 5.4, there exists an edge e € §(v) such that all
multicuts containing e that are active for y contain 6 (v). Hence, the constraint (8a)
associated with e is:

Ce= Y Y=Vt D Vii=Yiw el (12)
M:eeM MEA;‘;*

By Claim 5.5, the constraint (8a) associated with e is tight. Thus, y;(v) +a5* = c,.
By Claims 5.3 and 5.6 and since c, is integer, we have ¢, = 1. O

The last three claims of the proof give some structural property of the graph G. In
particular we focus our attention on the vertices of V.

Claim 5.9 Vertices of degree 2 are pairwise nonadjacent.

Proof Assume for a contradiction that there exist two adjacent vertices v and v in
f/\, and denote 6 (v;) = {eg, ¢;} fori =1, 2.

We prove that §(vy) is active for all optimal solutions to DG ), the result for
8(vy) is obtained by symmetry. By contradiction, suppose that ®,, # . Among all
the solutions y € D,,, let y! be one having &, maximum. Then, by Claim 5.7, the
three multicuts active for yl intersecting §(vy) are Mg = F U §(vy1), Bg = F U e,
and By = F U ey, where B; are bonds fori = 0, 1, and F € E\§(v) contains no
nonempty multicut. By Claim 5.6 on v, there exists a multicut M active for y' strictly
containing &(v2). By 6(v1) N 8(v2) = eg, M intersects §(vy). Since dy; > 3, Claim
5.7 for vy implies M = My, F = {ez}, and By = §(v2).

As ygl(vl) = 0, by Statement (i) of Claim 5.8, ¢,, = ¢, = 1. By Claim 5.5, the

1
constraints associated with ep and e; are tight. Since Azl = {Mj} by Claim 5.7, we
have:

Ce; = Vi + Vb, =1 fori =0, 1. (13)
Let{M,, ..., M,} be the set of active multicuts for y1 such that M; N{eg, e1, e2} = e,
fori =1,...,n. By Claim 5.5, the constraint (8a) associated with e is tight, hence,
using (13):
n n
Ces = iy + Vhy + Yy + D Vig = 1 Vi, + D iy (14)

i=1 i=1
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By Claim 5.3, By active for yl, and ¢., € Z,wehave {My, ..., M,} # Vandc., > 2.
Thus, combining (13) and (14), we have:

n
> Vi = = 1= Y, = Vg (15)
i=1

Then, there exist €1, ..., €, suchthat 0 < ¢ < y}wi fori=1,...,n,and

n

1
Zei = YMo-
i=1

Fori =1,...,n, M; Uegis amulticut with order dy;, 4 1, hence we can consider the
following solution to D(g,¢):

n n
yr=y'- (yi%sMo - ZeisM,-> + (yiﬂ,EMo\eo + ZeisMiUe()) . (16)
i=1

i=1

2
We have b " y1 =bT y2, but agl = 0, a contradiction to Claim 5.6. Therefore ©, # @,
and by symmetry we deduce that both §(v;) and §(v,) are active for all optimal
solutions to DG ¢)-

By Claim 5.4, for every optimal solution y to D(g ) and every multicut M of G, if
M is active for y and contains ¢; for some i € {1, 2}, then eg € M.

Let y* be the optimal solution to D(G..) maximizing «y, over all y solutions to
D(G.c)- We have Ay, C A}, and all the multicuts in Ay, have order at most 3.
Otherwise, let M € Ay, \ A7, (resp. M € Ay, such that dyy > 4), and 0 < & <
min{y},, yé“(vl)}. The solution

¥ =y —eEm + Esquy)) + eEmes + E5(v1)Uer)

3 *
is optimal, but @), = ay, + ¢ by the choice of M, a contradiction to the maximality

of ol . Thus, M = {eo, e1, ez} is the only multicut in A2,
Let{Ny, ..., Ny} bethesetof active multicuts for y* such that N;N{eq, e1, e2} = eg
fori = 1, ..., m. The constraint associated with ey is tight by Claim 5.5, hence, by

Ay* c AY, we have:
V) = V] » .

m
Cop = 0y F Vi) T Vi) T DN, (17)
i=1
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By Statement (ii) of Claim 5.8 applied to vy, we have yg‘(vl) + a;fl* =1, and so:

m
Ceg =1+ V30, + Zy}f,’,. (18)
i=1

By Aﬂ: = {M} and Statement (ii) of Claim 5.8 applied to v,, we have yg‘(vz) + szZ =1,

hence:
m

Cey :2—y;:;[+2y}‘§;i. (19)

i=1

Since ¢, is integer and since y;}] < 1 by Claim 5.3, by (19), we have:

m
D vk = (20)
i=1

Hence,letAq, ..., A, besuchthat) < A; < y;’i,i fori=1,...,m,and) /L A; = yX;I.

Note that 8(v2) = M\e;. Then, the point

m m
Y =y - (yLEM + ZMEM) + (y;tﬁa(vz) + Z/\iEN,-Ue])

i=1 i=1

is a solution to DG, ¢, and it is optimal by definition of 5. Moreover,

Y3 = Yig T Voan = 1
a contradiction to Claim 5.3. O
The following claim forbids a circuit of length 3 to contain a vertex of V.
Claim 5.10 No circuit of length 3 contains a vertex of degree 2.

Proof Assume for a contradiction that in G there exist a vertex v € V and a circuit
{e1, ez, €3} such that §(v) = {e;, e2}. By Lemma 2.1, a multicut contains e3 only if
it intersects §(v). On the other hand, by Lemma 2.11 and complementary slackness,
each multicut strictly containing §(v) and active for an optimal solution contains e3.
Thus, for every optimal solution y to DG, ), we have:

Sooyw= > yu+ Y. ym—al. 1)

M:ezeM M:eyeM ,M+#5(v) M:ere M, M#5(v)

Let y* be an optimal solution to D). By the constraint (8a) associated with e3, (21),
and Claim 5.5, we have:

Cey > Z Vig = Cey + Cey — 2y§‘(v) — 055*. (22)
M:ezeM
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By Claim 5.6 and Statement (ii) of Claim 5.8, we have 2)’;(1;) —f—a,},'* < 2. Thus, by (22)
and ¢.; € Z, we have coy > ¢o + Ce, — 1.

Define G’ = G\e3 and ¢’ = ¢|(g\¢;). Note that for each multicut M € Mg, M\e3
is a multicut of G’ with order at least dj;. Hence, y* induces a solution to DG',en
of cost at least b y*. By minimality assumption (i), there exists an integer optimal
solution y" to DG 7y, and we have by’ > b T y*.

Let M (resp. Mp) be the set of multicuts M = §(Vi, ..., Vg, ) of G’ active for
y’ such that the endpoints of e3 belong (resp. do not belong) to a same V; for some
iefl,...,dy}. Foreach M € M (resp. M € M3), M (resp. M U e3) is a multicut
of G with the same order. Hence,

Y= > Vubm+ D YiuEmues
MeM, MeM;

is a point of Z'flc with bTy” = bTy'. Thus, bTy” > bTy*, and y” is not a solution
to D(G.c)- By definition, y” respects every constraint of D¢ ) but the constraint (8a)
associated with ej3.

By definition of y”, we have:

Yo=Y am—a (23)

M:ez3eM M:eyeM ,M+#5(v) M:exeM M +#5(v)

Therefore, by y” violating the constraint (8a) associated with e3, (23), Statement (ii)
of Claim 5.8, and the inequalities (8a) associated with e and e», we have:

Co < D V= D Yt D Y= =205 < o tee—a) =255,
M:.ezeM M:.ereM M:.exeM
(24)

Thus, by (22), we have oy + 2Y5) < oy + 2Y5) < 2.BY Cey = Cop oy — 1,
the integrality of y”, and (24), we have oy = yé’(v) =0, and S0 Cey = Ce; + Cep — 1.
Hence, by the integrality of y” and equation (23):

Cey + 1= Vi = Y+ D Vi =Ce +Cop (25)
M:ezeM M:ereM M:ereM

Fori = 1,2, since ¢, > 1, there exists a multicut M; active for y” such that M; N
S(v) = ¢;.

We claim that the constraint (8a) associated with e3 is not tight for y*. By ¢, =
Ce; + Cey — 1, (22), and Claim 5.6, 8(v) is active for y*. Hence, by Statement (ii)
of Claim 5.8, we have: .

o) + ygk(v) =1. (26)

Hence, by (21) and Claim 5.5, (26), (25), and 8 (v) active for y*, we have:

Z Vi = Cey  Cey = 1 = Y5y = Ces = Vi) < Ces- 27
M:e3eM
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The point y” respects all the constraints of D ) except the one associated with e3,
and this constraint is not tight for y*. Therefore, there exists 0 < A < 1 such that

J=ry"+ (1 =21y

is a solution to D¢, ). Moreover, y is optimal because bTy*<bTy"

All multicuts active for at least one between y* and y” are active for 3. Since §(v)
is active for y* and M, M, are active for y”, the three multicuts M, M3, and §(v)
are active for y, a contradiction to Claim 5.4. O

Claim 5.11 Each circuit of length 4 contains at most one vertex of degree 2.

Proof Assume for a contradiction that there exists a circuit C = {ey,...,e4} in G
covering two vertices of f/\, say vq, v2. By Claim 5.9, vy and v, are not adjacent, hence
we assume that §(vy) = {e1, ez} and §(v2) = {e3, ea}. Let v3 and v4 be the remaining
vertices of C.

We prove that § (v) is active for all optimal solutions to DG, ). Indeed, if ©,, # @,
then let y’ € D, maximize o, over all z € D,,. By Statement (ii) of Theorem 2.10,

for every multicut M in Aﬁ;, we have M = §{vy, Vo, ..., Vg, }, with v3 and v4
belonging to different V;’s, hence M N§(vy) # ¥. However, M\§(vy) contains §(v2),
a contradiction to Claim 5.7 applied to v;. Exchanging the role of v; and vy, we deduce
that & (v2) is active for all optimal solutions to D(g ¢).

Without loss of generality, there exists an optimal solution y such that a3,

v

ay,. Then, we can build from y an optimal solution y* to DG, such that Aﬁ:

Ay, . Indeed, suppose .A?jz \Ay, = {My, ..., My}. Then, since a;, > a,, there exist
Niy,...,N, € Aﬁl\A%Z such that:

n m
PIRITED BRIV (28)
i=1 j=1

N

Hence, there exist €1, ..., €, such that 0 < ¢; < yNj,forj =1,...,m,and

m n
doei=D vm (29)
j=1 i=1

By Statement (ii) of Theorem 2.10 and complementary slackness, v3 and v4 belong to
different classesof N foreach j = 1, ..., m,implying that N;Né (v2) # ¥. Moreover,

since N; ¢ Aﬁz, we have [N; N 8(v2)| = 1,forall j =1, ..., m. Furthermore, since
8(v2) is active for y, by Claim 5.4, there exists an edge in (v2), say e3, such that
NjNd(vp) =e3forall j =1,..., m. Therefore, the point

n n m m
y* =y—- (Z )’M,-";:M,- - Z)’MIEM,-\a) + ZejgNjU&t - Zejij (30)
i=1 i=1 j=1 j=1
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is a solution to DG ¢y with b y* = by and A;)V; C Aﬁr Let Aﬁ; ={Mj....,M,}.

Fori = 1,..., p, since M] € A,’,T, Statement (ii) of Theorem 2.10 implies M, =
S(vy, v, V3i, Vj, e, VdiM/), where V3i and Vi contain respectively v3 and v4. Then,
M! = 8(vi, v2 U V3i U Vi, e VJM/) is a multicut of order dy;y — 2 fori =1, ..., p.

Since §(vy) is active for y*, by Statement (ii) of Claim 5.8, we have aﬁz* + yg‘(vz) =1.
Then, the point y' € QM6 defined by:

P P
1
y =y'- <y§(v2)€s<vz) + Z%ﬁM{) + (Z yLﬁM—”) ’
i=1 i=1
is a solution to D¢y, where ¢’ = ¢ — x0@2)
Bydyr =dy —2foralli =1, ..., p,and a,{; + Y5(sy = 1. we have:

by =bTy — o), Qh +2) = ¥, Rh+ 1) =bTy —Qh+ 1) —a),. (3D)

By minimality assumption (ii), D¢,y admits an integer optimal solution, say y2. The
point y3 € ZM6 defined by y3 = y? + £5(,y) is a solution to DG ) such that:

b'y =bTy? +2n+1. (32)
Therefore, by (31), the optimality of y2, and (32), we have:
by =bTy' +2h+1+0a), <b Yy +2h+1+a), =0Ty +eol,.  (33)

By integrality of P»;1(G) and duality, we have b " y* € Z. Furthermore, y* is integer
by construction, so bTy3 € Z. Then, by (33) and Claim 5.6, we have bTy* < bTy3,
and so y* is an integer optimal solution to D(G,c)» a contradiction. O

Claims 5.1, 5.9, 5.10, 5.11 and Lemma 2.3 imply that G is not series—parallel, a
contradiction. O

The box-TDIness of P¢(G) and the TDIness of System (2) give the following result.
Corollary 5.2 System (2) is box-TDI if and only if G is series—parallel.

Proof By Theorem 5.1, when G is not series—parallel, System (2) is not TDI. Whenever
G is series—parallel, P, (G) is box-TDI by Theorem 3.2 and System (2) is TDI by
Theorem 5.1. O
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