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At the beginning. . .

How to define in a discrete case

“Criteria i and j interact” ?

“Criteria i and j are not independent” ?

We are not talking about correlation (statistics/probabilities)
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At the beginning. . .

An answer given by ChatGPT. . .

The answer is not obvious and clear !
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MultiCriteria Decision Analysis

Aim: to help a Decision-Maker (DM) to select one or more
alternatives among several alternatives evaluated on |N| criteria
often contradictory.

We need to construct a preference relation %X over the set of
all alternatives X = X1 × X2 × . . .× Xn;

The DM provides a preference information {P, I} on a subset
X ′ ⊆ X
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Preferences and interactions

Example (A classic example of Grabisch et al. (2010))

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a 16 13 7
b 16 11 9
c 6 13 7
d 6 11 9

• For a student good in Mathematics, Language is more
important than Statistics

=⇒ b �X a,

• For a student bad in Mathematics, Statistics is more
important than Language

=⇒ d ≺X c .
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Preferences and interactions

Example (A classic example of Grabisch et al. (2010))

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a 16 13 7
b 16 11 9
c 6 13 7
d 6 11 9

b �X a and d ≺X c do not satisfy the independence (mutual
preference independence) axiom since

(16, 11, 9) �X (16, 13, 7) and (6, 11, 9) ≺X (6, 13, 7).
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Preferences and interactions

Example (A classic example of Grabisch et al. (2010))

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a 16 13 7
b 16 11 9
c 6 13 7
d 6 11 9

Therefore b �X a and d ≺X c are not representable by an
additive model.

We try to represent them by a non-additive model: e.g. a
2-additive Choquet integral.
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The 2-additive Choquet integral

Definition
For any x := (x1, ..., xn) ∈ X , the expression of the 2-additive Choquet
integral is:

Cµ(u1(x1), . . . , un(xn)) =
n∑

i=1

φµi ui (xi )−
1

2

∑
{i,j}⊆N

Iµij |ui (xi )− uj(xj)|

Where

Iµij = the interaction index between criteria i and j :

Iµij = mµ
ij = µij − µi − µj .

φµi = the importance of the criterion i (≡ Shapley index):

φµi = µi +
1

2

∑
k∈N\i

Iµik .
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Shapley Interaction index I µij = µij − µi − µj

Usual interpretation

Iµij > 0 =⇒ criteria i and j are complementarity .

Iµij < 0 =⇒ criteria i and j are redundant.

Iµij = 0 =⇒ criteria i and j are independent (no interaction).

Brice Mayag, LAMSADE A clear and robust interpretation of interactions 9/24



The sign of I µij = µij − µi − µj is not always stable

Par. 1 Par. 2 Par.3 Par. 4 Par. 5 Par. 6 Par. 7 Par.8 Par. 9

Cµ(a) 8.5 13.75 9.1 13.765 13.75 13.75 11.47 12.535 10.45
Cµ(b) 9.5 14.25 9.7 13.995 14.25 14.25 11.93 12.785 10.75
Cµ(c) 7.75 9.75 7.75 11.325 11.25 9.75 9.45 9.515 7.85
Cµ(d) 7.25 9.25 7.25 10.295 9.75 9.25 8.91 9.265 7.55

µM 0 0.75 0 0.685 0.75 0.75 0.36 0.485 0.15
µS 0.25 0.5 0.25 0.73 0.75 0.5 0.465 0.455 0.25
µL 0 0.25 0 0.315 0 0 0.205 0.32 0
µMS 0.25 0.75 0.35 0.785 0.75 0.75 0.565 0.68 0.5
µML 0.75 1 0.65 1 0.1 0.75 0.805 0.795 0.55
µSL 0.25 0.75 0.25 0.945 0.75 0.75 0.66 0.785 0.35

Φ
µ
M

0.375 0.5 0.375 0.37 0.5 0.5 0.35 0.35 0.4

Φ
µ
S

0.25 0.25 0.3 0.365 0.375 0.375 0.33 0.33 0.35

Φ
µ
L

0.375 0.25 0.325 0.265 0.125 0.125 0.32 0.32 0.25

I
µ
MS

0 -0.5 0.1 -0.63 -0.75 -0.5 -0.26 -0.26 0.1

I
µ
ML

0.75 0 0.65 0 0.25 0 0.24 -0.01 0.4

I
µ
SL

0 0 0 -0.1 0 0.25 -0.01 0.01 0.1
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Shapley interaction index I µij = µij − µi − µj

New robust interpretation of interactions

Please, use the “necessary” and “possible” paradigm

i and j are necessary complementary if ∀µ, Iµij > 0.

i and j are necessary redundant if ∀µ, Iµij < 0.

i and j are necessary independent (no interaction) if
∀µ, Iµij = 0.

(Mayag & Bouyssou (2020), Kaldjob et al. (2022))
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Preferences and no interactions

Example (A classic example of Grabisch et al. (2010))

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a 16 13 7
b 16 11 9
c 6 13 7
d 6 11 9

Let us suppose that the previous preferences change as follows:

a �X b and c �X d
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Preferences and no interactions

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a u1(16) = 16 u2(13) = 14 u3(7) = 7
b u1(16) = 16 u2(11) = 11 u3(9) = 9
c u1(6) = 6 u2(13) = 14 u3(7) = 7
d u1(6) = 6 u2(11) = 11 u3(9) = 9

a �X b and c �X d are representable by this additive model Fadd :

Fadd(a) = u1(16) + u2(13) + u3(7) = 16 + 14 + 7 = 37,
Fadd(b) = u1(16) + u2(11) + u3(9) = 16 + 11 + 9 = 36,
Fadd(c) = u1(6) + u2(13) + u3(7) = 6 + 14 + 7 = 27,
Fadd(d) = u1(6) + u2(11) + u3(9) = 6 + 11 + 9 = 26.

=⇒ Fadd satisfies the (mutual preference) independence property.
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Preferences and no interactions

1 : Mathematics (M) 2 : Statistics (S) 3 : Language (L)
a 16 13 7
b 16 11 9
c 6 13 7
d 6 11 9

a �X b and c �X d (representable by Fadd) are also representable
by a Cµ with non null interactions (even if the independence

property is satisfied).

Cµ(a) 12.7
Cµ(b) 11.3
Cµ(c) 9.5
Cµ(d) 8.5

µ({1}) 0.1
µ({2}) 0.5
µ({3}) 0.5
µ({1, 2}) 0.9
µ({1, 3}) 0.7
µ({2, 3}) 0.5

Iµ12 0.3
Iµ13 0.1
Iµ23 -0.5
φµ1 0.3
φµ2 0.4
φµ3 0.3
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A partial conclusion

Mutual preference independence violated =⇒ ∃µ s.t. Iµij 6= 0 ?

(YES ! . . . but not always)

Mutual preference independence satisfied =⇒ ∀µ, Iµij = 0 ?

(NO !)

Remark
i and j are independent (no interaction) ⇐⇒ ∀µ, Iµij = 0 ? (NO !)

The Shapley index Iµij is not related to the mutual preference
independence axiom.
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Mutual preference independence property

Definition

S is preference independent of N \ S , w.r.t. %X , if for all
xS , x

′
S ∈ XS , aN\S , bN\S ∈ XN\S ,

(xS , aN\S) %X (x ′S , aN\S)⇐⇒ (xS , bN\S) %X (x ′S , bN\S)

Using binary relations induced in XS , we have

xS %
aN\S
S x ′S ⇐⇒ xS %

bN\S
S x ′S
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Example (A classic example of Grabisch et al. (2010))

(16, 13, 9) %X (16, 11, 9) %X (16, 13, 7) %X (16, 11, 7)

=⇒ (13, 9) %16
23 (11, 9) %16

23 (13, 7) %16
23 (11, 7).

(
112; 93

)16

(
132; 93

)16

(
112; 73

)16

(
132; 73

)16
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Example (A classic example of Grabisch et al. (2010))

(6, 13, 9) %X (6, 13, 7) %X (6, 11, 9) %X (6, 11, 7)

=⇒ (13, 9) %6
23 (13, 7) %6

23 (11, 9) %6
23 (11, 7).

(
112; 93

)6

(
132; 93

)6

(
112; 73

)6

(
132; 73

)6
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Example (A classic example of Grabisch et al. (2010))

Kendall distance : DK (%16
23,%

6
23) =

∣∣∣ %16
23 \ %6

23

∣∣∣+∣∣∣ %6
23 \ %16

23

∣∣∣ = 2
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The d-interaction index

I d(S) =
∑

{yN\S ,zN\S}⊆XN\S

d(%
yN\S
S ,%

zN\S
S )

The d-interaction index of a coalition S of criteria captures
through the distance the effect of criteria of N \ S over S .

The d-interaction index is unrelated to the preference
representation model.

In the previous example:

I d(23) =
∑

{y ,z}⊆X1

DK (%y
23,%

z
23) = DK (%16

23,%
6
23) = 2

I d(13) = DK (%13
13,%

11
13) = 0 and I d(12) = DK (%9

12,%
7
12) = 0
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The d-interaction index

Theorem (Mayag and Tchantcho (2022))

A preference relation %X satisfies the (mutual preference)
independence axiom

m

I d(S) = 0 for all S ∈ 2N

m

I d(N \ i) = 0 for all i ∈ N.

Remark

I d(S) ≥ 0 for all S ∈ 2N

There is no negative interactions related to the independence
axiom, in this case.
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The d-interaction index

Example (with binary alternatives: 0-1 values)

HDI index: 1-Life expectancy index (LEI), 2-Educational index (EI) and
3-Adjusted real GDP per capita (GDPI).

(1, 1, 0) ∼X (1, 0, 0) and (0, 1, 0) �X (0, 0, 0)

We get a necessary negative interaction

Iµ12 = µ({1, 2})− µ({1})− µ({2}) < 0

But

(1, 1, 0) ∼X (1, 0, 0) =⇒ (1, 0) ∼1
23 (0, 0)

(0, 1, 0) �X (0, 0, 0) =⇒ (1, 0) �0
23 (0, 0)

So I d(23) = I d({1, 2, 3} \ {1}) = 2 > 0
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At the end . . .

(mutual preference) independence axiom violated =⇒ use a
non additive model

(mutual preference) independence axiom violated ⇐⇒ ∃i , s.t.,
I d(N \ i) 6= 0

Before talking about interactions (related to the
independence axiom), try first to represent the
preferences by an additive model

Ethic and transparency aspects:

(We) Provide a clear and robust interpretation of interaction in
MCDA
Do the negative interactions really exist ?

The computation of I d(S) is not simple
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At the end . . .

Paul Valery (Artist, Writer, Poet, Philosopher (1871-1945))

Everything simple is false. Everything complex is unusable.

A proverb summarizing the difficulty of a task: if we keep things as
simple as possible, we probably forget many special cases; if we try
to predict all cases, the result becomes so complex that no one can
understand how it works.
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