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Coloring and perfect 0-1 matrices

o (P) = {Ax < b} is TDI:

min{y"b: yTA>w'}
= min{y"b: yTA>w', y integer} (Yw integer)

o P ={x:Ax < b} is integer:

max{w'x: x € P}
= max{w'x: x € P, x integer} (Yw)

@ Ais 0-1: the clique-matrix {maximal cliques} x {vertices}

a(G) : max{1Tx: Ax <1, x > 0, x integer} =: w(
X(G):= min{y"1: yTA>1T y >0, yinteger} =: x(G)
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Compact LP formulation

X(G) =min > . X

st x> xY (Vi,Vv)
2oixi =1 (Vv)
x4+ xV <1 (Vi,Yuv)
x>0
X integer

where G = (V,E) is a graph, i € {1,...,|V|}, ve V, uv € E.
é = G1D...DG|V(G)| add Uly---;U|V(G)| universal
X(G) +a(G) = 2|V(G)|
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Gallai identities

For all G (without isolated vertex)
p(G) +v(G) = [V(G)| = a(G) + 7(G) }

If G has no 3-cycle
X(G) + a(L(G)) = |V(G)| }

Cornaz (with Jost and Meurdesoif) Coloring without symmetry



Gallai identities

For all G (without isolated vertex)
p(G) +v(G) = [V(G)| = a(G) + 7(G) }

If G has no 3-cycle
X(G) +a(L(G)) = [V(G)| = o(G) + X(L(G)) }
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The “sandwich” line-graphs S(G) of G

Choose a orientation G of G without 3-dicycle (cliques are acyclic)

S(é) is the line-graph L(G) of G minus the edges corresponding to
simplicial pairs of arcs

G
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Chromatic Gallai identities
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G is an orientation of G, without 3-dicycle

X(G) +a(5(G)) = [V(G)|
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Chromatic Gallai identities

(a)
()
G is an orientation of G, without 3-dicycle

X(G) +a(S(6)) = |V(G)| = a(G) +X(5(C))
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The operator ¢

Let 5(-) be a graph parameter such that a(G) < 5(G) < x(G) (VG)

Choose an orientation G of G without 3-dicycle and define

®5(G) = |V(G)| - B(S(G))

Corollary. a(G) < $4(G) < X(G)
Proof.

IV(G)] - X(S(G)) < [V(G)| - B(S(G)) < [V(G)| — a(S(C))
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Fractional clique-cover (co-chromatic) number

max 17x
Xr(G) = st. x(K) <1 (Vclique K)
x, >0 (Vv eV)
min 1Ty
= st Dksyyk =1 (Yv)
yk >0 (Vclique K)

Lemma. y optimal for G = x feasible for S(G)

Xuy = Z YK

simplicial stars Sx3Suv
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Lovasz Theta function

max

19(G) _ s.t.

min
s.t.

> bl

||)_<ro||2 =1 ,

Xo Xy = [Ixv| (Vv)
x, Xy =0 (Yuv € E)
”)/on

Ib_’rv\l =1 (Vv)

Yo v =1 (Yv)
Yayv =0 (Yuv ¢ E)

Lemma. x € R¥*™t optimal for $(G) = y € R™*"*! feasible for G

.yOv = Xo —

u:uveE(G)

Z Xyv and Yvu =

Yo, ifu=v
xyy if uv € E(G)
0 otherwise
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Improving Lovész's ¥ bound for coloring
The sandwich theorem (Lovédsz 1979)

a(G) < 9(G) < X¢(G) < X(G)

(VG)

Theorem (C. and Meurdesoif 2014)

a(G) < 9%, (G) < X¢(G)

and  9(G) < dy(G) < ¥(G)

(VG)

V|| |E] | min p:= %19_19 mean p max p
M| 5 | b - 23.6% -
My | 11 | 35 26.8% 27.3% 28.7%
Ms || 23 | 182 26.5% 27.6% 29.5%
M || 47 | 845 26.0% 27.8% 29.5%
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Impact of orientation

(max)

s 305 (x2)

(b)

| 2 |22]225|25| 3

6-wheel a | Xr Xr X

orientation (a) | ®x Pz | Py o,
orientation (b) | ®x Py, | Py, = Pa
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Complexity

Theorem. (Grotschel, Lovasz and Schrijver 1981)
Y¥(G) can be approximated in polynomial time (for any £ > 0)

Theorem. (Gvozdenovi¢ and Laurent 2008)
Computing \¢(G) is NP-hard

In fact, [GLO8] proved that,
given any parameter 3(G) such that 8 € [y, X,
then computing 5(G) is NP-hard.
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Finding o with @5, (another proof for GL08)

Gx = G orient and add sy, ..., s, universal sources

Feasible solution x for X+(S(Gy)) (max)

1 e
N - () if u=-s;
o 0  otherwise

Let 8 € [y, X]. Start with k := 1 and grow it until ®5(Gy) = k.

®4(G) =k — aG)=k
Proof.

V(e

k < a(G) = aGx) < D(Gr) < O, (Gk) < k+ [V(G)| — k (G
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